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Abstract 

In this article we find connections between the values of Gauss hypergeometric 
functions and the dimension of the vector space of Hodge cycles of four dimensional 
cubic hypersurfaces. Since the Hodge conjecture is well-known for those varieties we 
calculate values of Hypergeometric series on certain CM points. Our methods is 
based on the calculation of the Picard-Fuchs equations in higher dimensions, reducing 
them to the Gauss equation and then applying the Abelian Subvariety Theorem to 
the corresponding hypergeometric abelian varieties. 
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1 Introduction 



Recently, there have been attempts to relate algebraic values of hypergeometric functions 
in algebraic points to certain phenomenons in Arithmetic Algebraic Geometry. In this 
direction one can mention F. Beukers article ^2, in which he calculates explicitly the values 
of (elliptic) hypergeometric functions in some CM points. Such a hypergeometric function 
can be rewritten as an elliptic integral and so the word CM comes from the corresponding 
CM elliptic curves. H. Shiga and J. Wolfart in [20] (see also JJj and have studied the 
algebraic values of Schwarz functions (certain quotient of two hypergeometric functions) in 
algebraic points. Their geometric tool is Abelian Subvariety Theorem and its consequence 
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on the dimension of the periods of an abehan variety. Again, the idea behind algebraicity 
of a value of the Schwarz function is that the corresponding abehan variety has more 
automorphism than the neighboring varieties. For a general survey about algebraic and 
transcendental periods see Waldschmidt's expository article fT5| . 

The idea of this article took place in our mind when we observed that many abelian 
integrals of affine hypersurfaces satisfy second order Picard-Fuchs differential equations 
and they can be written in terms of hypergeometric functions. A consequence of the 
Hodge conjecture (see Proposition gives special values of such integrals on the so called 
Hodge cycles. This motivated us to use the mentioned geometric phenomenon and obtain 
special values of hypergeometric functions. Fortunately, the Hodge conjecture is known in 
all cases which we use. We concentrate mainly on cubic hypersurfaces and we do not yet 
know whether one can classify the hypergeometric functions appearing in this way. Below 
is the summary of the results of this article. 

Let n > 2 be an even number. We consider a family of n-dimensional varieties M := 
{Mtjjgpi and a meromorphic differential n-form oj whose restriction to each fiber has no 
residues around poles. We assume that: 

1. For all t G except a finite number of them, the fiber Mt is smooth. 

2. The Hodge decomposition of H''^(AIt,C) is of the form 

i7"(Mt, c) = -1. 2 +1 e H2'2 e 2 +1' 2 -1, 

dimc(i^ 2-i'2+i) = dimc(i? 2+1.2-1) = 1 
and uj iMt form a basis oi H 2 '2+ . 

3. The Picard-Fuchs equation of J^^ to, where 6t € Hn{Mt,Z) is a continuous family of 
cycles, is a pull-back of the Gauss equation 

(1) z{l - z)y" + (c - (a 6 \)z)y' - aby = 0. 

For a number field k, the vector space of Hodge cycles with coefficients in k is defined 
as follows: 

(2) Ht{k) := H^'^ n F"(Mt, k). 

The usual definition of a Hodge cycles is with k = <Q. Since the hypergeometric function 
F(a, b, c\z) = f2 i^M^z", c ^ {0, -1, -2, -3, . . .}, 

where (o)n := a{a + l)(a -|- 2) • • • (o -|- n — 1), solves the Gauss equation we find certain 
relations between the values of F-functions and Hodge cycles of the fibers Mt. For instance, 
the family 

(3) Mt : f{x) ■.= x\ + xl + --- + xl-xi-X2 = t, 

satisfies the conditions 1,2 and 3 and has three critical fibers corresponding to t = 
0, ±2(|)2 . Here uj = V^, where dx is the wedge product of all dxiS , ^ is the Gelfand- 
Leary form of dx and V is the Gauss-Manin connection with respect to the parameter t 
(see Let B{a,b) = ^^"j^^^'* be the beta function. For two numbers r, s € C we say 

that r ~ s if - G Q. We prove that: 
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Theorem 1. Let k he a number field with Q(C3) C k, 

27 

(4) Et: = - 3x + 2 - — t G Q 

and z = f|t^. 

i. /f -Ei is noi a CM -elliptic curve then the k-vector space Ht(A;) has codimension 2 ; 

For i/iose values of t G Q such that the elliptic curve Et is CM, the following value 
of the Schwarz function 



(5) L»(0,0, l|z) := -e" 



■7r2 



F{l\,l\l-z) 

is algebraic and if it belongs to k then the k-vector space Ht(fc) has codimension one. 
3. The number |^ belongs to Q(C3) for some t £ Q if and only if 

i, l\z) r. J,r(i)3, i 111 - z) ~ ^,T{\f. 

DO vr^ 3 DO vr^ 3 

We have j{Et) = and, for instance, if j{Et) = 2'^3^5^, -2^^3 ■ 5^ then the 

condition of the third part of the above theorem is satisfied (see jlSj p. 483). The proof of 
the first and second part uses a simple consequence of Abehan Subvariety Theorem on the 
periods of an ehiptic curve. The proof of the third part is based on the Hodge conjecture 
for the variety Mt- We note that this conjecture is proved for cubic hypersurfaces of 
dimension 4 by C. Clemens, J. P. Murre and S. Zucker (see f2T| and its references). 

Let us now explain the content of each section. In section [2T] we introduce the notion of 
a Hodge cycle by means of vanishing of abelian integrals. ^2.2l is devoted to a consequence 
of the Hodge conjecture on the values of integrals over Hodge cycles. In ^2.31 we recall 
the notion of Gauss-Manin connection associated to a fibration and state a conjecture 
which has been verified for some examples. ^2.41 is devoted to the examples of Hodge 
structures whose Hodge numbers is of the type 1, x, 1. In ^2.51 we use Abelian Subvariety 
theorem and derive the fact that a simple abelian variety ^ is CM if and only if the 
periods of a differential form of the first kind on A generate a Q- vector space of dimension 
one. In ^3.11 we fix up the notations related to the Gauss-equation and hypergeometric 
functions. Following the ideas of ^Hj) 1201 in ^3. 21 we introduce a one dimensional integral 
representation of hypergeometric functions. is devoted to the calculations related to 
the example (0]). In this section we prove Theorem^ In the last section we give many 
other examples of cubic hypersurfaces which can be analyzed by the methods of this article 
and hence may result to some algebraic relations between the values of hyper geometric 
functions. 



2 Families of varieties and Hodge cycles 

The classical definition of a Hodge cycle over A: = Q is given in ©. This definition can 
be formulated by means of n-dimensional abelian integrals. Since such abelian integrals 
satisfy Picard-Fuchs equations, our problem of studying Hodge cycles reduces to the study 
of Picard-Fuchs equation. For d an integer we set 

Grf:={a M = 0,l,...,(i-1}, Cd = e^ 
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2.1 Hodge cycles 

In the following sections we will take a family {M^j^gpi of n dimensional varieties and 
compute certain Picard-Fuchs equations. In all examples we take / a polynomial of degree 
d in C"^"'""^ and set Lt := {/ = t}, Mt := Lf, where the closure is taken in P"'+^. We assume 
that Mt is smooth for all t except a finite number of them and denote by A; a number field. 
A cycle 6 e H^iMi, k) is called Hodge if 

^w = 0, iu eF'^+^HdRiMt), 

where F' denotes the Hodge filtration of H2j^{Mt). By Poincare duality this definition of 
a Hodge cycle translate into the definition ^ in the Introduction. If the support of 6 is 
in Lt then we can reformulate this definition using the mixed Hodge structure of Lt, i.e. 
6 G Hn{Lt, k) is Hodge if 

I^u; = 0,u;G Gr'^Gr^H^niLt), ^>^ + h 

where 

(6) = c c • • • C c F° = H^niLt), 

= Wn.i CWnC Wn+l = Hl^iU) 

are the Hodge and weight filtrations of the Mixed Hodge structure of H'2^[Lt). We denote 
by Ht(/c) the /c-vector space of Hodge cycles in Hn{Mt,k). For more details see 

Remark 1. For two number fields ki C ^2 we do not have necessarily Ht{ki) /c2 = 
H((A;2). This can be seen in the next section. 

2.2 Hodge cycles and algebraic values of abelian integrals 

We follow the notations of the previous section. Let 6 € Hn{Lt, Q) be a Hodge cycle. The 
Hodge conjecture claims that there is an algebraic cycle Z = J2i=i '''i^i^ dime = | such 
that the topological class [Z] := Yli=i ^ Hn{Mt,Q) of Z is equal to the image of 6 

in Hn{Mt,Q). In other words, every Hodge cycle is an algebraic cycle. 

Proposition 1. If [Z] € Hn{Lt,Q) is an algebraic cycle and Lt is defined over Q then for 
any differential form uj on Lt which does not have residues at infinity and is defined over 
Q we have 

/we (27ri)tQ. 
J[Z] 

See Deligne's lecture i5: Proposition 1.5 for a proof. Note that if Mt is defined over 
Q and [Z] is an algebraic cycle we can assume that Z is defined over Q. Deligne has 
applied the above proposition to Fermat hypersurfaces and has obtained algebraic relations 
between the values of F function on rational points (see Theorem 7.15 |j5^). Our approach 
to the algebraic relations between the values of -F-functions follows the same method used 
by Deligne. 
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2.3 Gauss-Manin connection and Picard-Fuchs equations 

In this section we consider a family of algebraic varieties Ai over C(t) and a differential 
1-form Lo G H^jiiM.)- We denote by Mt the specialization of to a fixed t S C and we 
call them fibers. We use also the notation uj for its specialization to the fiber Mt; being 
clear in the text what we mean. Let 5 C C be the locus of singular fibers. The multi 
valued functions 

spans the solution space of a Picard-Fuchs equation 

(7) Pn.it)y^"'^ + Pn.-i{t)y^"'-^^ + ■ ■ ■ + Pi{t)y' + poit)y = 0, m<2g, p^ £ C[t], 

where 2g = dim H^j^iM) and 7t S Hn{Mt,'Ij) is a continuous family of cycles which can be 
defined in any simply connected region in C\5. Moreover, if the degree m of Q is equal 
to 2g then a basis ji^t £ Hn{Mt, Z), i = 1,2, . . . ,2g gives a basis I^.^, i = 1,2, . . . ,2g oi 
0. One obtains Q in the following way: The Gauss-Manin connection V is defined in 
the cohomology H2^{M) and it has poles in S. Its main property is 

(8) ^ f uj= [ Vuj. 

Since H^j^^M.) is a C(i)-vector space of dimension 2g, there must be C[t]-linear relation 
between 

tj, Vlj, . . . , V^^w, 

integrating such linear equation and using (jHJ we get 0. The set S' := {t & C \ pm{t) = 0} 
is called the singular set of and we know that S C S'. The points in S'\S are called 
apparent singularities (see P). Let 

(9) V{M,u;):={[ co \ -ft e Hn{Mt,q)}. 

J "It 

In the next sections we will need to verify the following conjecture for our example. 

Conjecture: Let (A^jjWj), i = 1,2 be two pairs as above with dimA^i > dim7W2- 
If the associated period space 'P[Mi,uJi), i = 1,2 span the solution space of the same 
Picard-Fuchs equation then there is a non-zero complex number 7 and a number field k 
such that V{Aii,u!i) is generated over Q by 7 • /c • V{A42,(^2)- 

One may expect that the number 7 and the number field k depend only on some 
numerical invariants of the pairs {A4i,iJi), i = 1,2. 

In the examples which we have verified this conjecture, the number 7 is obtained by 
the values of the beta function on rational points. 

2.4 Four dimensional cubic hypersurfaces 

In this section we consider the polynomial f = xf + X2 + ■ ■ ■ + a^n+i ~ 9i^)^ deg(g') < d 
and the associated family of varieties 



Mt:{x€ C"+i I f{x) = t}. 
In this article we only deal with the following cases: 

d = 3, n = 4, = = 0, h^^ = h^^ = 1, h^'^ = 20, 
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where /i^'-^'s are the Hodge numbers of a smooth Mt in the corresponding case (see for 
instance HDD- The 5-form uj = Pdx, where dx := dxi A dx2 A • • • A dxn+i and P € C[x], 
can be interpreted as a section of the cohomology bundle of the fibration {M^l^gpi by 
considering the Gelfand-Leray form ^ (see for instance 2 ). A way of constructing such 
section is as follows: We take the residue of -j^ on M^, which is an element in H^{Mt, C). 

Theorem 2. // n = 4, d = 3 then the differential form V(^) is a basis of H^'^ , where 
Hjj^{Mt) = H^'^ © -ff^'^ © H^'^ is the Hodge decomposition. 

The above theorem for the residue of in Mt is a particular case of Griffiths theorem 
for the Hodge filtration of hypersurfaces (see [S], ^0] and also Theorem 2). The fact 
that the mentioned residue can be expressed by the Gauss-Manin connection of ^ is 
explained in Lemma 2 jl3j . See also this article for a generalization of the above theorem. 

2.5 Abelian Subvariety Theorem 

In this section we use Abelian Subvariety Theorem and calculate the dimension of the 
Q- vector spaces spanned by the periods of a differential 1-form of the first kind on a CM 
abelian variety. 

Let A be an abelian variety defined over Q and be the tangent space at the origin 
(z A. The exponential map 

exp : tA{C) A{C) 

is well-defined and set A := exp~^(0). Here, by tyi(C) we mean the complexification of tj^. 
Let W he a proper linear subspace of tA (defined over Q) such that 

(10) 0/7GAnVF(C). 

Theorem 3. Under the above conditions, there exists a proper connected abelian sub 
variety B C A (defined over Q) such that 

tsCW, andjGtBiC). 

For this version of Abelian Subvariety Theorem see for instance Lemma 1 of I17j . 

Corollary 1. For a simple abelian variety A and a differential form of the first kind u, 
both defined over Q, the Q-vector space {/^w | 5 € Hi{A{C),Q)} is of dimension one if 
and only if A is CM and uj is an eigendifferential under the action of the CM field. 

Proof. This lemma is Proposition 3 of p/^. Let g be the dimension of A. We take a 
Q-basis Si,i = l,2,...,2g of the homology Hi{A{C),Q). Without losing generality, we 
assume that J^^uj ^ 0. The non trivial part of the theorem is to prove that if there are 
constants a, G Q, i = 2,3, . . . ,2g such that 

(11) / w + a, / io = 0, i = 2,3,...,2g 

J Si J Si 

then A is CM. To prove this we define 

B = AxA, uji = to (aiu) G^b, S = 6i 6i Gi?i(5(C),Q) 



6 



for a fixed i, where the the sums are well-defined using the isomorphisms i^B — © 
and Hi{B,Q) ^ Hi{A,Q) Hi{A,Q). Now the condition ^ implies that 

uj' = 0. 

Looking uj'q as a linear map from tA to Q this implies that 5 & W := ker(Lijg). Therefore, 
by Abelian Subvariety Theorem there exists an abelian subvariety B' C B such that 6 
is supported in Hi{B',Q) and the restriction of lo' to B' is identically zero. Since A is 
simple, B' is of dimension g and the projections vrj, i = 1,2 are isogeny between B' and A 
and 7r2 o tT]^^ gives a non trivial endomorphism of A because it sends 6i to n5i for some 
n G Z. We have proved that i?i(A(C),Q) as En(io(^)-module is of dimension one which 
implies that A is CM. □ 

3 Hypergeometric functions 

Recall the definition of Pochhammer cycles and the corresponding Kummer solutions 
form [U] and ^Hl §5- The Pochhammer cycle associated to the points a,b £ C and a path 
s : [0, 1] — 5- C connecting a to b, is the commutator 

hb,la] -la^ -lb-la, 

where ih is a loop along s starting and ending at the point h = s(^) which encircles h once 
anticlockwise, and la is a similar loop with respect to a. We will need the following simple 
proposition: 

Proposition 2. Let f he a holomorphic multi-valued function in C and fi,a Z be 
the exponents of f at z = a (resp. z = b), i.e. in a neighborhood of a we can write 
f = g - {z — a)^ , g a holomorphic function around a. Then for a path s connecting a to b 
outside the branching points of f we have: 

f{x)dx = (1 - e2™)(l - e^"*^) / f{x)dx. 

[76. 7a] JS 

3.1 Gaussian System 

To the Gauss-equation we can associate the system 

(-) --(K^o' -:)^Mi 

with the fundamental system 



Y 



'/[70,7.1^(-'-)^ /[7.7.]^(-'^)^^ 
J[70,7.]'^(^'^)l^ 9^(2^,^)1^^ 



(13) 



F{a,b,c\z) {I- z)F{l-a,l-b,l + c-a-b\l- zy 

^fzF(a + 1,6 + l,c+ l|z) ^^=^F{-a,-b,c- a-b\l - z) 



7 



fB{a,c-a)z''-^ \ 

\ -e-"(i+"-'=)S(l-5,c-a)(l-z)^-"-^-V ' 

V9(x, z) := - x)-\z - xf-"-^ 



and 

_ /(I - e2™)(l - e2^^(^-'^-i)) 

V (1 - e-2^^'')(l - e2^^(<^-°-i)) y ■ 

The first equality is derived from Proposition [2 Other equahties are obtained from The- 
orem 4.4.3 p. 99 together with chapter 1.3. of 9 (see also Theorem 5.3 for corrected 
ones). In particular the last equality is well-defined when c,c — a — b {0, —1, —2, —3, . . .}. 
Our a6c-notations is different form those in Let a' , b' , d be those in p. 648. Then 

a = a' — c' -|- 1, 6 = 6' — c' -|- 1, c = 2 — c' and a' = a — c-|-l, b' = b — c + 1, c = 2 — c 

The corresponding angular parameters are given by 

(14) uq = c — 1, ui = c — a — b, = a — b 

Let us remark that the above fundamental system can also be written as 



-b-^z'^J \y[ y'J ' 

where (?/i,y2) is a basis of the solution space of For a differential system Y' = AY 
the determinant of the fundamental system satisfies det(y)' = trace(74) ■ det(y) and so in 
our case we have 

The constant in the above relation is obtained by the formula 

r{c)r{c - a - b) 



F{a,b,c I 1) 

and substituting z = 1 in H13() . 

The system (|12j) has monodromy 



r(c-o)r(c-5) 



g27rjc g-27rife - l\ _ / 1 

1 I 5 ^1 •— I g27rj(c-a)^g-27r«a _ ^2iTi{c-a-b) J ; 

at 0, l,oo respectively. The Schwarz function associated to the Gauss equation ^ is 



(16) D{iyo,ui,i^oc\z) 



X 

\ dx_ 

X 



/[7l,7.] 

^l_^2-Kia^ B(a,c-a) z''-^F{a,b,c\z) 



_e7ri(i+a-c)(i _ g-27ri;,) 5(1 - 6, c - a) F{l-a,l-b,c-a-b + l\l- z) 
In particular, we get for 1 = c = a + b 

F{a,b,l\z) 



£'(0,0, 2a - l\z) = -e" 



F(6,a,l|l - z) 
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and for z = i we even get 

i?(0,0,2a- l[l/2) = -e"™. 

Sometimes it is useful to use other Pochhammer cycles instead of those used in Y. The 
corresponding integrals are calculated in Theorem 5.3 of P- 648. For instance for the 
case 1 = c = a + b the (2, 2)-entry of Y is not well-defined. We use the Pochhammer cycle 
[70, 7i] and for the second row of Y we obtain 



Note that if (Yi, I2)* is a column of Y or the above matrix then 
(18) Y2 = -b-\zYl + {l-c)Yi). 

3.2 A family of curves associated to the Gaussian System 
Let 

IJ,i = ai + hi, G Z, < 6i < 1 

and k be the least common denominator of bo,bi,b. In this section we assume that /ij's 
are rational non-integer numbers. Define X{k,z) as the smooth curve obtained by the 
desingularization of 

Define the differential forms 

Ht I'UT 



(17) 



V \x- \)y 

The Pochhammer cycles [71,7^], z = 0, 1 lift to cycles 5j € Hi{X{k, z),7j) and 



Y 



Proposition 3. fUH^ Satz 1,2) We have the following isogeny for the Jacobian Jx 

Jx(k,z) ~ T{k, z)®"^ Jx{d,z), 

d\k 

where T{k,z) is an abelian variety of dimension (p{k). Moreover 

Q(Cfc) C EndoiT) := Q «) End{T) 
and Hi(T{k,t),Q) as a Q{Ck)-v^ctor space is of dimension two. 



{k,z) 
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4 A family of cubic four dimensional Hypersurfaces 



The calculation of Gauss-Manin connection in higher dimensions does not seem to be done 
by hand easily. In ^| |2] the first author has developed algorithms which calculate the 
Gauss Manin connection and hence Picard-Fuchs equations for families of hypersurfaces 
in weighted projective spaces. They are implemented in Singular (see 0) and the 
corresponding library is foliation. lib. In this and the next sections we have used this 
library for our calculations. 

4.1 Some Picard-Fuchs equations 

Recall the notations introduced in H2.4I and let 

f = xf + xl + . . . + xl - Xi - X2- 

The singular values of / are the roots of 27t'^ — 16t. Let 

dx 



LOi 



df 



df 



and Lo = {loi2,uj2,^i,'-^oY ■ Then 



/ 36*2 _ 32/3 



V(u;) 



1 



27*3 - IQt 



-24t 27*2 - 8 8 
-24t 8 27*2 - 8 



16/9 \ 
-At 



to. 



\ 32 -m -m 18*2 - 16/3 J 

This gives us a Puchsian system of order 4. One gets that Vloq satisfies 
(19) (27*^ - m)y" + (81*2 _ ^Q-^yf _^ ^^^y ^ Q 

According to Theorem|^the differential form V(wo) is a basis of H^^ and so 5 G H^^Mf, < 
is Hodge if and only if 

Vwo = 0. 



Remark 2. The form VliJi2 satisfies 

(27*3 - 16*)y" + (81*2 _ ^Q-^yf _ 2ity = g. 

Both uJi,i = 1,2 satisfy 

(27*3 - 16*)y'" + 54*2y" - 3ty' + 3y = 0. 
The 4-forms uji, z = 3, 4, 5 satisfy 

9y + (-9*)y' + (162*2 - 32)y" + (81*^ - 48*)/' = 
and iOij,i = 1, 2, j = 3, 4, 5 

Oy + (-45*)y' + (621*2 _^ ^2)y" + (1134*^ - 192*)y'" + (243*^ - UAt^)y"" = 
and ujij, i,j = 3, 4, 5 

Oy + (-9*)y' + (81*2 _ -^g^)y// ^ _ 48^)/' = q. 
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Remark 3. Each variety has the following automorphisms 

(20) (X1,X2,X3,X4,X5) ^ (xi,X2,C3^X3, ^A, C3 X5) , C3 ^ 6*3. 

The family {Mt}t^fi itself has more automorphisms 

{xi,X2,X3,Xi,X5) {-xi,-X2,CeX3, CeX4„X5C3), Q ^ Gq, ij odd . 

Since V(a;o) is an eigen vector with eigen values in Q(C6) = QlCs) foi^ the above automor- 
phisms, the period set V{Mt,'V{uJo)), t G C\C is a Q(C6)-vector space under the usual 
multiplication of numbers. 

4.2 Associated Gauss system 

The differential equation (|19() can be written as a system 

\ 27*2 -16 2n^-16t J 

where Y = {y,y'Y''". Via the gauge transformation 



y ^ ( ^ ° ]Y 
' -3t ' 



we obtain the Fuchsian system 



,^1/0 -1/3 \ 54t / \ 

t\0 27t2 - 16 V 5/6 -1 J ■ 

This Fuchsian system is a rational pull back via z = j^t"^ oi the hypergeometric differential 
equation: 



z 



with 



r^.s 1 5 ^ 5,1 

(21) /io = pti = -, = ^, c = 1, a = ° = « ■ 

6 6 6 6 



Further, 



has monodromy 



Y 



1 

(l-Ce)"^ 



at 0, respectively 1, and at oo it is an element of order 6. Thus the generated group is 
SL(2,Z). 

Now let us discuss the one dimensional geometric model of ()19() . In this example 

X{6,z) : = x{l - x){z - xf 
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which is of genus 5. 

dx xdx 
Vi = — , V2 



y (1 - x)y 

X{2, z) :y'^ = x(l - x){z - xf, X{3, z) : y-^ = x{l - x){z - xf. 
With transformations {x,y) {x, ^^^yi), i = 2, 1 we have: 

X{2, z):y^ = x{l - x){z - x), X{3, z) : y^ = x{l - x){z - xf. 

The genus of X(2, z) (resp. X{3, z)) is 1 (resp. 2). We make the transformation x := z — x. 
Then 

X(6, z):y^ = {z- x)(l -z + x)x^. 
For z = ^ we have the following new automorphism of X{6, z) 

o-{x,y) = {-x,Ci2y)- 

4.3 Decomposition of T(6, z) into elliptic curves 
Lemma 1. We have 

1. X{<6,z) is hyperelliptic of genus 5, where 

2 2 

X(6,z) = C(xi,yi), yl=xf + {2-^z)x\ + l, = xi = ^. 

2. 

H\C{x,,yi), n) = {x\^\i = 0,...,4)3—. 

vi y 

3. If z ^ 1/2 then Aut(X{6, z))/ (e) = Dq = {cr,T), where e denotes the hyperelliptic 
involution 

e{xi,yi) = {xi,-yi), a{xi,yi) = {(QXi,yi), T{xi,yi) = {x^^ 

x" 

resp. 

z — z*^ (z — z^^u 
e{x, y) = ( , 2 )' ^(^' y) = Cey), 

X 

{x- z){l- z) x{x - z){l- z) 
1 — z + X y{l — z + X) 

4. If z = 1/2 then Aut{X{Q, z))/ {e) = D12 = {(t,t), where 

<^{xi,yi) = (Ci2a;i,yi), r(xi,yi) = ^) 

^1 

resp. 

{x-z){l-z) x{x-z){l-z) 
aix,y) = i-xXuy) rix,y) = ( , y{l - z + x) 

5. We have 

„ Adxi dx 
— oxi = — ='71. 

yi y 
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Proof. 1. Let K = X{Q, z), = {z — x){l — z + x)x^, where g{K) = 5 by the Hurwitz- 
Zeuthen genus formula. To each of the functions z — x, 1 — z + x, xG C(x) we 
associate the principal divisors {z — x) = {1 — z + x) = (x) = where 

the prime divisor n of C(x) corresponds to the place p = oo and the prime divisor po 
(resp. pz and p^-i) corresponds to the prime polynomial p = x (resp. p = x — z and 
p = X — z + 1) (see Chap. Ill, §2 in [1]). The prime divisor po of C(x) decomposes 
in K into Pq\ ■ ■ ■ Pq'',,, where "^Ci = deg{K/C{x)) = 6. Comparing the order of the 
prime divisor po,i in the principal divisors {y),{z — x), {1 — z + x), (x) of K we get 

ordpo i(y'^) = 6 ordp„ ,(y) = ordpo^((z - x)(l - z + x){xf) = 5 ordpQ^(x) = 5ei. 

Hence ordpQ -^{y) = 5, ordpo i(x) = 6 and r = 1. Thus the prime divisor po of C(x) 
decomposes into pQ ^ in K. (Hence we denote by po also the prime divisor po,i of K.) 

Proceeding as above we obtain that the principal divisors associated to the functions 
y,x,x — z,x — z + 1 in K are 

(y) = , {x) = J,{x-z) = ^,{x-z + l) = 

Hence, the degree of the denominator of 

npo 

is two. Thus K has to be hyperelliptic, where K = C(xi,yi), xi = -, = 
f{xi), f{xi) G C[xi], deg(/) = 12. Using that 

g _ (Z - X){X - 1 + Z) 

Xi — 

X 

and that there exists a cr G Aut{K/C) with cr(xi) = Ce^i we have to solve the 
following equation in order to determine yi : 

xf + ax\ + l = yl, a G C. 

Hence, we can assume that yi = 2_+£i£+£2^ ai,a2 G C. This gives after some 
computations 

a = 2 — 4z, ai = 0, a2 = —z^ + z. 



2. It is well known that 



/fO(C(xi,yi),Q) = (xl^ |i = 0,...,4). 

yi 



Since 



,dx ^ ^K/C(x) 1 ^ PqP^pLi'^^ ^ .4^4 

n2 (y) p5p,p,_, P^P-i' 

where '^k/c{x) denotes the pseudo different and xvx the divisor in K of the denomi- 
nator divisor of x G C(x), (See Chap. Ill, §2, §3 in |^.) is an positive divisor the 
claim follows. 

Items 3, 4 and 5 are proved by easy computations. □ 



13 



We will show that the vector space of holomorphic differentials can be written as a 
direct sum 0C/j, where Ui = H^{Ei,Q), where Ei is an elliptic subfield of K. Thus we will 
study some subfields fixed by automorphisms of Aut{X{Q^ z)) : 

Lemma 2. Let t, a & Aut{K) be as in LemmaUl 

H°{X{6,z),n) = (Bf=iH^{Ei,n), where 

1. El is contained in the hyperelliptic function field K^'^'^ of genus 2 and 

El : y"^ = - 3x + 2 - Az, x = {xi + xj'^)^ -2, y = yiXi^, 

where 

,^ , —2^3^ dx „, 4 ^.dxi 

3{Ei) = - -, -^ = 2{x\-l)^. 

z[z -1) y yi 

2. E2 is contained in the hyperelliptic function field K^'^"''^ of genus 2 and 

E2:f = x^- 3(ix + 2-4z, x = {xi + CeXi^f - 2(6, y = 



where 

3. 

where 
and 



, „ , —2^3^ dx , A ^9, dx^ 

j{E2) = -, -r- = 2{xt - Cl — . 

z{z -I) y yi 



Es = K^"'^ = X{2, z):f = x^ + {2- ^z)i^ + 1, x = xf, y = yi, 

;(z2-z+l)3 



Z2(z- 1)2 



dx ndxi 
— = 3xi . 

y yi 

4. E4 and E^ are two isomorphic subfields of the hyperelliptic subfield K^''^^ = X{'i,z) 
of genus 2. 



where 



where 



E4 : y'^ = x^ — Qx^ + 9x — 4^, x = x\,y = yi, 



-2^3^ dx dxi 

j{E4) = -r, — = 2X1 

z{z - 1) y yi 

E^ : y^ = si^ — + 9x — 4z, x = x\ + y = yiXi' 

-2^33 dx ndxi 
z{z - 1) y yi 



Proof. The claim follows from Lemma ^ □ 
Corollary 2. Let Ei, i = 1, . . . ,5 the elliptic subfields of X{6, z) from Lemma\^ Then 

H\X{6,z),n) = (Bl=iH'^{Ei,n). 
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Proof. By Lemma |21 we know that the ehiptic differentials in Ei, i = 1,...,5 generate 
H^{X{id,z),Vt). □ 



Corollary 3. We have the isogeny 

T{Q,z)^E\ 

where 

E: =x^ -3x + 2-4z. 

Remark 4. By a result of Ekedahl and Serre it follows already from the existence of 
the hyperelliptic subfield X{3,z) of genus 2 that the Jacobian of X{6,z) is isogenous to 
a direct sum of elliptic curves. Using the structure of the automorphism group it follows 
that El is isogenous to E2 by a result of Lange and Recillas . 



4.4 Proof of Theorem [U 

RecaU the definition Both the period sets V{Mt,V{uo)) and V{Et,^) satisfy the 
Gauss hypergeometric equation with parameters a,b,c given in ()21() . This furnishes 
us with the hypothesis of the Conjecture in ^2.. SI 



Lemma 3. The space P{Mt, V(tJo)) is spanned over Q by r(i)3 • Q(C3) • V{Et, y). 

Proof. Let /i = xf — — xi — X3 and f2 = t — (x| + X4 + Xg) and fix a point b £ C which 
is not a critical value neither for fi nor /2. Let also 7: [0, 1] — >C, 7(^) = 6 be a path 
in C which connects the critical point t € C of /2 to a critical point c of fi such that 6if) 
(resp. 62b) vanishes along 7 (resp. 7^^) when s goes to (resp. 1). One can show that 
the union 

St = Usg[o,l](5i^(s) X 62^(s) 

defines a well-defined cycle in H/i{Mt,Z). In fact it is the join of topological spaces 5ib 
and 52b and 

I{t) := [ ojo= [ h{s)l2{s)ds, 
J St Jo 

^ , , f dxi A dx2 ^ , , f dx3 A (ix4 A dxs 
-^i(^) = / 37 ' ^2(5) 



(see j2] p. 53). A topological argument similar to the one in [2] Theorem 2.1 or jllj 
§5 implies that the cycles 6t generate Hi{Mt,Q). A simple integration shows that his) 
is constant and the space of such integrals is equal to r(i)^Q((^3) (see |S] Lemma 7.12). 
This means that up to r(i)^Q(C3) the integral I{t) reduces to f^dxi A dx2, where A := 
U^gjo,!] "517(8) ^ H2{C'^, fi^it),!^). By Stokes theorem this integral is 

/ Xidx2. 
JSit 

Since ^ = J^^ V{ujq), we conclude that 

f v(.„)£r(i)»Q(C3)P({A=*}.^^S;;^). 
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Now the elliptic curve {/i = t} is isomorphic to the one in Q by the mapping 

{xi,X2) - {^—- + 1, 9t{^^ - - 

Xi + X2 X1+X2 2 

and under this mapping ^^-^^^^2 goes to - 1| □ 

Now let us prove Theorem ^ The proof of the first and second part is as follows: 
The map S £ H4^{Mt, QiCs)) jg'^ii^o) e V{Mt, V{u;o)) is surjective. Now Lemma El 
Corollarynand Corollary |21 imply that 'P{Mt, V(u;o)) is of dimension one if and only if Et 
is elliptic. 

By Proposition ^ if 5 G Hi{Mt^ Q) is a Hodge cycle then 
(22) ^(^ V(u;o)) = ^ V2(c^o) G ^'Q- 

Let Yi{t),Y2{t) be a basis of V{Et,^) and = r G Q(C3) at some point to- Then 

according to LemmaOlwe have r(^)'^Yi(t) = J^^ ^ V(a;o) and T{^)^rY2{t) = J^^ ^ V(ljo) for 
some 5i^t, ^2,t G H4{Mt,Q) and all t in a neighborhood of to- This implies that 5i^to — S2,to 
is a Hodge cycle. Now we use (|22() and we conclude that 

r{l)\Y;{to)-rY^{to))-n'. 

By Legendre theorem on the determinant of the period matrix of elliptic curves (or the 
relation (jlSI) ). we have 



Y2{to) Y2{to) 

and so li (to); ^2(^0) Using the formula (|13|) the third part of the above theorem 

is proved. 



5 Other examples 

In this section we give a list of cubic hypersurfaces such that the corresponding integral 
J^^ V(^) for the definition of Hodge cycles satisfy a Picard-Fuchs equation of order two. 
For calculations we have used the library brho.lib written in Singular (see |141 113j ). 
Let Wo = ^- 

1. For 

f^^ loq satisfies 
and so J^^ Vloq satisfies 

(27*2 + t)y" + 5Uy' - 6y = 0. 



f = xf-l h Xg - X1X2 

(27*2 + t)y" + 6y = 
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2. For 

f = X-^ ~\~ X'2 ~\~ ~\~ X^ ~\~ X^ X-^ X^ 

Jg^ loq satisfies 

(405t + 60)y' + (2187t^ + 648t + 32)y" + (729f^ + 324i^ + 32t)y"' = 

and y' = Jg^ Vujq. Note that the coefficient of y'" is t{27t + 4)(27t + 8). 

3. For 

f — X-^ ~\~ X2 ~t~ ^3 ~t~ 2^4 ~l~ 2^5 X-^ X2X\ 

Jg^ loq satisfies 

Oy + (4374*2 - 1296t - 108)y' + (39366*^ + 3645^^ - 1188i + 2)y"+ 
(19683*"^ + 6561*2 _ 021^2 + 2t)y"' = 0. 

The coefficient of y" is t{729t'^ + 297t — l)(27t — 2) and so there is an apparent 
singularity at i = Note that the critical values of / are the roots of (729*^ + 
297t - l)t. 

4. For 

f = ~\~ X<2 ~t~ ^3 ~1~ X^ ~\~ X^ X^ X\ 

jg^ iOQ satisfies 

(27t + ll)y' + (81*2 ^ gg^ _ -^^^yi, ^ Q 
The coefficient of y" is 3(27t -5){t + l). 

5. For 

Q Q Q Q Q 

f = Xi + X2 + Xo^ + X^^ + X^ — Xl — X1X2 

the set of critical values is the roots of ^(i) = (19683t'^ + 2187t2-5751t2 + 541i + 433) 
and Jg^ (Jo satisfies 

(3188646*^ + 472392t2 + 6403536*^ + 236844t - 314922)?/'+ 

(28697814*5 + 4782969*^ + 25824096*^ + 1427382*^ - 4369464* + 152443)/+ 
(14348907t^+2657205t5+2322594t^+794610i2-1524204t2+l99207t+140725)y'" = 0. 
The coefficient of y'" is 

(19683*^ + 2187*2 - 5751*^ + 541i + 433) (729*^ + 54i + 325) 

and so there are two apparent singularities. 
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